Abstract. We present some inequality/equality for traces of Hadamard product and Kronecker product of matrices. Some numerical examples are given to support the results.
Introduction
The Hadamard (or Schur) and Kronecker products are widely studied and applied in matrix theory, statistics, system theory and other areas [2] . It was Schur who initially studied algebraic and analytic properties of Hadamard product. In 1990, Horn [1] presents a widespread information focusing on the Hadamard product. Magnus and Neudecker [4] give some basic results and statistical applications involving Hadamard or Kronecker products. For basics on these two matrix products, one may refer to [3, [5] [6] [7] . In [6] , the authors investigated traces of Hadamard and Kronecker products of matrices and obtained some inequalities for traces of products of matrices. In this note, we present some inequality for traces of Hadamard product, Kronecker product and mixed type product of matrices.
We recall the basic definitions and notations to make our presentation selfcontained. The set of all positive real numbers is denoted by R + . By M n we denote the family of n-by-n matrices over the real field R. For A = [a ij ] ∈ M n , the scalar n i=1 a ii is called the trace of A and is usually denoted by tr(A) or traceA. The Hadamard product of two matrices A = [a ij ] and B = [b ij ] of identical size is just their element-wise product which is given by
Let A = [a ij ] be an m-by-n matrix and let B = [b ij ] be a p-by-q matrix. The Kronecker product of A and B is defined as 
Main results
We start with an inequality involving the trace of m times Hadamard product of a matrix and the trace of the given matrix .
Proposition 2.1. Let A ∈ M n with positive real diagonal. Then,
Proof. Let A = [a ij ] ∈ M n and let a ii ∈ R + . Then, by the definitions of Hadamard product and trace of matrices, we have
The proposition is proved.
Proof. Since
The following proposition provides a relation between the trace of a matrix and Kronecker product of the given matrix.
Proof. We prove the proposition by induction. By Lemma 1.1, the equation is true for n = 2. Assume that it is true n = k, i.e.,
Again using Lemma 1.1, we compute
Then, Proposition 2.5. For any A ∈ M n , we have
Proposition 2.6. For any A, B ∈ M n , we have
Proposition 2.7. For any A, B ∈ M n , we have
Proof. Similar to proof of Proposition 2.6.
The following proposition gives the relationship between trace of a matrix obtained as Kronecker product of a finite sum of matrices and the traces of the matrices. We prove the result for two matrices.
Proof. Using Proposition 2.3, we compute
The result is proved.
Remark 2.9. Using Proposition 2.1, for any A, B ∈ M n with positive diagonal, we can show that
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The next proposition gives a trace inequality for the Hadamard product of matrix sums. Proof. Using Theorem 1.2 and Proposition 2.3, we compute
The following theorem provides a relation between the trace of matrices generated by Kronecker and Hadamard product of matrices. 
Hence, (1) 
Thus, (2) is proved.
Indeed, by Theorem 2.11, we can write
Thus, by Theorem 1.2, we have
Remark 2.13. If A, C ∈ M n and B, D ∈ M k (k = n), then the equations given in Theorem 2.11 hold too. 
We compute
Thus, Theorem 2.11 is verified.
To conclude the paper, we give a result that connects the traces of matrices obtained by Kronecker and Hadamard product of matrices in terms of the trace of Hadamard product of matrices.
Proof. We prove the theorem by induction. Clearly, the equation is true for n = 1. Assume that it is true for n = k, i.e.,
We compute Thus, the equation is true for n = k + 1. The theorem is proved. 
